One of the main open problem in the theory of face enumeration is the so-called g-conjecture for simplicial spheres. In this paper, we prove the g-conjecture for PL (piecewise linear) homology spheres by showing that PL-spheres have the weak Lefschetz property. This implies many interesting results, such as the Grünbaum-Kalai-Sarkaria conjecture and Kalai's manifold g-conjecture for PL-manifolds.
Introduction
The g-conjecture was first proposed by McMullen in 1971 for a complete characterization of the f -vectors (i.e. face numbers) of simplicial polytopes [12] . Less than ten years later the g-conjecture was proved as a theorem. To describe this theorem, let us review some notions.
For a (d − 1)-dimensional simplicial complex ∆, the f -vector of ∆ is
where f i is the number of the i-dimensional faces of ∆. Sometimes it is convenient to set f −1 = 1 corresponding to the empty set. The h-vector of ∆ is the integer vector (h 0 , h 1 , . . . , h d ) defined from the equation
The f -vector and the h-vector contain equivalent combinatorial information about ∆, and determine each other by means of linear relations
The sequence (g 0 , g 1 , . . . , g ⌊d/2⌋ ) = (h 0 , h 1 −h 0 , . . . , h ⌊d/2⌋ −h ⌊d/2⌋−1 ) is usually called the g-vector of ∆.
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F. FAN
For any two positive integers a and i there is a unique way to write a = a i i + a i−1 i − 1 + · · · + a j j with a i > a i−1 > · · · > a j j 1. Define the ith pseudopower of a as a i = a i + 1 i + 1 + a i−1 + 1 i + · · · + a j + 1 j + 1 .
For convenience we define 0 i = 0 for all i. Condition (a) says that the h-vector of a simplicial polytope is symmetric. Condition (b) says that the h-vector is unimodal, growing up to the middle, while (c) gives a restriction on the rate of this growth. Both (b) and (c) can be reformulated by saying that the g-vector is an M-vector, explaining the name 'g-theorem'. (A sequence of integers (k 0 , k 1 , k 2 , . . . ) satisfies k 0 = 1 and 0 k i+1 k i i for i 1 is called an M-sequence. Finite M-sequences are M-vectors.)
Both necessity and sufficiency parts of the g-theorem were proved almost simultaneously (around 1980). The sufficiency of McMullen's conditions was proved by Billera and Lee [2] , while their necessity was proved by Stanley [21] by using the theory of toric varieties. In 1993, McMullen gave another proof of the necessity part of g-theorem using complicated and difficult convex geometry [13] . Later, McMullen simplified his approach in [14] . The idea behind both Stanley's and McMullen's proofs was to find a ring whose Hilbert function equals the g-vector of the polytope.
The g-theorem gives a complete characterisation of integral vectors arising as the f -vectors of polytopal spheres. It is therefore natural to ask whether the gtheorem extends to all sphere triangulations. This question has been regarded as the main open problem in the theory of f -vectors (see Problem 1 in [23] ):
Conjecture 2 (g-conjecture). The g-theorem holds for all simplicial spheres, or even for all rational homology spheres.
We will show in Corollary 3.7 that Conjecture 2 is valid for PL homology spheres.
Theorem 3. Let ∆ be a (d−1)-dimensional PL-manifold having the same rational homology as S d−1 . Then ∆ satisfies the g-conjecture.
The Dehn-Sommerville relations (condition (a) in Theorem 3) hold for any rational homology sphere [10] , so to prove Theorem 3, we only need to verify conditions (b) and (c), which are actually an immediate consequence of the following algebraic result.
Theorem 4 (Theorem 3.1). Every PL-sphere has the weak Lefschetz property (see Definition 2.8) .
Theorem 4 has many applications, one of which is to the Grünbaum-Kalai-Sarkaria conjecture. This conjecture is about the embeddability of a simplicial complex ∆ of dimension d into R 2d . Note that the dimension 2d is the highest nontrivial case in a sense that every d-complex embeds into R 2d+1 .
It is well known that if a simple planar graph has f 0 vertices and f 1 edges, then f 1 3f 0 . (Actually Euler's formula shows that if f 0 3 this inequality can be strengthened to f 1 3f 0 − 6.) Grünbaum [6] asked if there exists generalizations of this inequality for d-dimensional simplicial complexes that allow PL embedding into R 2d . Kalai and Sarkaria [8, 19] suggested a precise formula:
As observed by Kalai-Sarkaria, the number d+2 in the inequality is the best possible constant in every dimension. They also showed that if every even-dimensional PL-sphere has the weak Lefschetz property, then the conjecture is true (see [1, Corollary 4.8] ). So Theorem 4 implies the validity of Conjecture 5. See §3.2 for more applications of Theorem 3 and 4.
The face enumeration of a triangulated manifold is another important problem. For this problem, Kalai conjectured a far reaching generalization of the g-conjecture for spheres to manifolds (Conjecture 4.2). In Theorem 4.4 we also prove this conjecture for all PL-manifolds by appealing to Theorem 4 and some fundamental results in algebraic combinatorics.
Preliminaries
2.1. Notations and conventions. Throughout this paper, we assume that ∆ is a simplicial complex with m vertices. We identify the vertices of ∆ with [m] = {1, . . . , m}, and we use |∆| to denote the geometric realization of ∆. Let F i (∆) be the set of i-dimensional faces of ∆. By ∆ m−1 we denote the simplex consisting of all subsets of [m], and by ∂∆ m−1 the boundary complex of ∆ m−1 .
The link and the star of a face σ ∈ ∆ are the subcomplexes
The join of two simplicial complexes ∆ and ∆ ′ , where the vertex set F 0 (∆) is disjoint from F 0 (∆ ′ ) , is the simplicial complex
In particular, if ∆ ′ = ∆ 0 is a point, we say that ∆ * ∆ ′ is the cone over ∆, simply denoted C∆.
Let σ ∈ ∆ be a nonempty face of ∆. The stellar subdivision ss σ ∆ of ∆ at σ is obtained by replacing the star of σ by the cone over its boundary:
If dim σ = 0 then ss σ ∆ = ∆. Otherwise the complex ss σ ∆ acquires an additional vertex (the vertex of the cone).
Let ∆ be a pure simplicial complex of dimension d and σ ∈ ∆ a (d − i)-face such that lk σ ∆ = ∂∆ i and the subset τ = F 0 (∆ i ) is not a face of ∆. Then the operation χ σ ∆ on ∆ defined by
is called a bistellar i-move. Obviously we have χ τ χ σ ∆ = ∆. Two pure simplicial complexes are bistellarly equivalent if one is transformed to another by a finite sequence of bistellar moves.
A simplicial complex ∆ is called a triangulated manifold (or simplicial manifold ) if |∆| is a topological manifold. More generally, a d-dimensional simplicial complex ∆ is a k-homology manifold (k is a field) if
or equivalently,
Especially, when k = Q, it is also referred to as a rational homology manifold.
∆ is a k-homology d-sphere if it is a k-homology d-manifold with the same khomology as S d . Similarly, when k = Q, it is also called a rational homology sphere. (Remark: Usually, the terminology "homology sphere" means a manifold having the homology of a sphere. Here we take it in a more relaxed sense than its usual meaning.)
A piecewise linear (PL for short) d-sphere is a simplicial complex which has a common subdivision with the boundary ∂∆ d+1 of the simplex ∆ d+1 . A PL-manifold is a simplicial complex ∆ of dimension d such that lk σ ∆ is a PL-sphere of dimension d − |σ| for every nonempty face σ ∈ ∆. It is obvious that two bistellarly equivalent PL-manifolds are PL homeomorphic, i.e., they have a common subdivision. The following fundamental result shows that the converse is also true. Theorem 2.1 (Pachner [17] ). Two PL-manifolds are bistellarly equivalent if and only if they are PL homeomorphic.
As we have seen in §1, the g-theorem relates the g-vectors of polytopal spheres to M-sequences. The importance of M-sequence comes from the following fundamental result of commutative algebra.
and only if there exists a connected commutative graded algebra A =
A 0 ⊕A 1 ⊕A 2 ⊕· · · over a field k such that A is generated by its degree-one elements and dim k A i = k i for i 0. 
The Stanley-Reisner ring (or face ring) of ∆ is the quotient
Since I ∆ is a monomial ideal, the quotient ring k[∆] is graded by degree. 
In this case, ∆ is called a Cohen-Macaulay complex over k.
Let A be a connected commutative graded k-algebra. The socle of A is the ideal
The face ring k[∆] is a Gorenstein ring if it is Cohen-Macaulay and for any l.s.o.p
Similarly, ∆ is called Buchsbaum over k in this case.
All these algebraic properties of face rings have combinatorial-topological characterisations as follows. Hence, every simplicial complex whose geometric realization is a k-homology manifold is Buchsbaum over k.
If ∆ is Cohen-Macaulay, the following result of Stanley shows that the h-vector of ∆ has a pure algebraic description. 
is an isomorphism for all i d/2.
Let us see why Theorem 2.6 implies the g-theorem.
If ω satisfies the condition in Theorem 2.6, then the map ·ω :
. This, together with Theorem 2.5, implies that the quotient ring Q[∆]/(ω) is a connected commutative graded Q-algebra whose ith graded component has dimension g i (∆) = h i (∆) − h i−1 (∆) for all i ⌊d/2⌋. Hence the g-vector of ∆ is an M-vector by Theorem 2.2.
Let ∆ be a rational homology sphere. We say ∆ has the Lefschetz property if there exists an l.s.o.p. Θ for Q[∆] and a linear form ω satisfying the condition in Theorem 2.6. One may expect the following algebraic conjecture.
Conjecture 2.7 (algebraic g-conjecture). Every rational homology sphere has the Lefschetz property.
Recently, Adiprasito [1] announced a thorough solution to conjecture 2.7, but his paper is difficult to read, at least for the author.
In fact, to prove the g-conjecture, it is enough to prove the following weaker property holds. 
We define a set of pairs
and ω is a WLE }.
It is not hard to see that
Remark 2.10. We will use the term 'generic choice' of Θ or ω to mean that these elements are chosen from a non-empty Zariski open set. In particular, We call Θ generic if every d × d minor of the associated matrix M Θ is nonsingular.
So far the best result toward establishing the existence of weak Lefschetz elements for rational homology spheres is the following rigidity inequality due to Kalai. According to Pachner's theorem (Theorem 2.1), if we can show the WLP is preserved by bistellar moves, then Theorem 3.1 holds. Thanks to Swartz's survey article [25] , we only need to verify this for bistellar moves in a special dimension. Before proving Theorem 3.3, let us see how it implies Theorem 3.1. The evendimensional case is obvious. For an odd-dimensional PL-sphere ∆, the link of each vertex of ∆ is an even-dimensional PL-sphere, so we can deduce the WLP of ∆ by applying [24, Theorem 4.26 ] to the links of all vertices of ∆.
Next we need to establish a few preliminary lemmata. Proof. First note that if σ ∈ ∂∆ j then x σ generates (k[∆]/Θ) j . So we may assume |σ ∩ F 0 (∆ i )| = k = 0, and without loss of generality, σ ∩ F 0 (∆ i ) = {1, . . . , k}. We will show x σ = t τ x τ for some τ ∈ ∂∆ j and t τ = 0 by a decreasing induction on k. Suppose σ 0 is a facet of ∆ containing σ, and F 0 (∆) \ σ 0 = {l} (apparently {l} ∈ ∂∆ j ), and suppose σ ∩ F 0 (∂∆ j ) = σ ′ . Since Θ = {θ 1 , . . . , θ i+j+1 } is a generic l.s.o.p. (see Remark 2.10), some linear combination of them has the form
Note that |{1, . . . , k − 1, l} ∩ F 0 (∆ i )| = k − 1, we finish the induction step. Proof. As before, if σ ∈ L, then the lemma holds. So we may assume |σ∩F 0 (∆ i )| = k = 0, and without loss of generality, σ ∩ F 0 (∆ i ) = {1, . . . , k}. The proof is still by inductively showing that x σ = t τ x τ for some τ ∈ L and t τ = 0. Suppose σ 0 is a facet of ∆ containing σ and F 0 (st v L) \ σ 0 = {l}, and suppose σ ∩ F 0 (lk v L) = σ ′ . The genericity of Θ implies that there exists a linear combination of θ 1 , . . . , θ i+j+1 having the form
a r x r , with a l = 0.
It follows that in k[∆]/Θ
The second equality comes from the fact that (v, r) ∈ ∆ for any r ∈ F 0 (L) \ F 0 (st v L). Thus the same reasoning as in the proof of Lemma 3.4 gives the inductive procedure.
Proof of Theorem 3.3. Suppose ∆ ′ = χ σ ∆ with dim σ = n and lk σ ∆ = ∂τ , and suppose (ω, Θ) ∈ W(∆) with Θ generic enough so that it is also an l.s.o.p. for Q[∆ ′ ]. Let D be the closure of ∆ − st σ ∆. Consider the short exact sequence
where the ideal I is generated by the interior faces of D. Since lk σ ∆ is an (n − 1)sphere, we have (k[st σ ∆]/Θ) n = k, and so (k[st σ ∆]/Θ) n = k · x τ 1 for some facet τ 1 of ∂τ . Thus, the exact sequnence (3.1) implies that we can choose a basis of (k[∆]/Θ) n as {x τ 1 , . . . , x τ hn } such that τ 2 , . . . , τ hn are in the interior of D.
On the other hand, we have another short exact sequence
Since x σ has degree n+1, it follows that (k[∆]/Θ) n ∼ = (k[D]/Θ) n . Now we consider the following commutative diagram:
Apparently, the upper horizontal map is an injection, and by Poincaré duality and the assumption that ω is a WLE, the left vertical map is an isomorphism.
To see the lower horizontal map is an isomorphism, it suffices to show that φ ⊕ ψ is an injection in degree n + 1, since the two sides of this map are k-vector spaces of the same dimension. Indeed, for α ∈ (k[∆]/Θ) n+1 , if ψ(α) = 0, then by the exact sequence (3.2), we have α ∈ J/(J ∩ Θ), and so α = x σ . However since σ is a facet of the sphere lk τ 1 ∆, φ(α) = 0, so φ ⊕ ψ must be an injection in degree n + 1.
Let α i = (φ(x τ i ), ψ(x τ i )). Then {α i } 1 i hn is a basis of Im (φ ⊕ ψ) n . Suppose e 1 is a generator of (k[st τ 1 ∆]/Θ) n+1 = k, and {e 2 , . . . , e hn } is a basis of (k[D]/Θ) n+1 . Let β 1 = (e 1 , 0) and β i = (0, e i ) for 2 i h n . Then {β i } 1 i hn is a basis of the group at the right lower corner of the diagram. Assume α i ·ω = hn j=1 a ij β j , a ij ∈ k, then we have an h n × h n matrix:
The fact that the left vertical map is an isomorphism implies that A ∈ GL(h n , k).
Without loss of generality, we may assume that τ \ τ 1 = {1}. It is an easy observation that st τ 1 ∆ ′ is the stellar subdivision of st τ 1 ∆ at σ with {1} to be the additional vertex. (3.2) implies that {x τ 1 , . . . , x τ hn } is also a basis of (k[∆ ′ ]/Θ) n . Furthermore, since Θ is generic, Lemma 3.4 shows that x τ 1 is also a generator of (k[st τ ∆ ′ ]/Θ) n = k. Similarly, we also have a commutative diagram
and an h n × h n matrix A ′ = (a ′ ij ) defined by the right vertical map:
where α ′ i and β ′ j are defined in the same way as above. It is easy to see that β ′ i = β i for i 2 and a ′ ij = a ij for j = 1. Moreover, we can get that a ′ ij = a ij for i = 1. Indeed, let ω 0 be the restriction of ω to the vertex set
, then (ω, Θ) ∈ W(∆ ′ ), and the theorem holds. So we only consider the case that |A ′ | = 0. In this case, it is obvious that a ′ 11 = a 11 and the (1, 1)-cofactor of A ′ is not zero. Now we consider the h n × h n matrix B corresponding to the map ·x 1 :
where the zero's in the first row come from the fact that τ ∈ D; the zero's in the first column come from the fact that when i 2, either
Let t ∈ k be a number so that a ′ 11 + tb 11 = 0. Hence the matrix A ′ + tB can be transformed, by multiplication by a invertible h n × h n matrix on the left, into the form: 
where A ′ 11 (resp. B 11 ) is the submatrix of A ′ (resp. B) by removing the fist row and first column, and C = −(a ′ 21 · · · a ′ hn1 ) T (a ′ 12 , · · · , a ′ 1hn ).
An elementary linear algebra result (Lemma 3.6 below) shows that there exists t ∈ k such that |A ′ 11 + tB 11 + C a ′ 11 +tb 11 | = 0. This means that A ′ + tB ∈ GL(h n , k) for such t, and therefore the map ·(ω + tx 1 ) :
is an isomorphism. It follows from diagram (3.4) that ω + tx 1 is a WLE for k[∆ ′ ]/Θ, and the proof is finished. Lemma 3.6. Let k be an infinite field. Then for three n × n k-matrices A, B, C with A ∈ GL(n, k), and a nonzero polynomial f ∈ k[t], there exists t ∈ k, such that f (t) = 0 and |f (t)A + tf (t)B + C| = 0.
Proof. Without loss of generality, we may assume f is a monic polynomial of degree k, A = E is the identity matrix and B is a diagonal matrix with j n nonzero eigenvalues. Hence an easy calculation shows that g(t) = |f (t)A + tf (t)B + C| is a nonzero polynomial of degree kn + j. Since k is an infinite field, there must be t ∈ k such that g(t)f (t) = 0. 
3.2.
Applications. Except the most widely studied Grnbaum-Kalai-Sarkaria conjecture, there are several other applications of Theorem 3.1 and Corollary 3.7. For example, the g-theorem for PL-spheres can be applied to the enumeration problem of bistellar moves on a PL-sphere. Theorem 3.8. Let ∆ be a PL-sphere of dimension d. Then the number of (d − k)moves in the sequence of bistellar moves taking ∂∆ d+1 to ∆ can not exceed the number of k-moves for k ⌊d/2⌋. This is a direct consequence of the non-negativity of the g-vector of a PL-sphere and Pachner's following result. Note that the g-vector of ∂∆ d+1 is (1, 0, . . . , 0). Theorem 3.9 (Pachner [16] ). If a triangulated d-manifold ∆ ′ is obtained from ∆ by a bistellar k-move, 0 k ⌊ d−1 2 ⌋, then g k+1 (∆ ′ ) = g k+1 (∆) + 1;
Furthermore, if d is even and ∆ ′ is obtained from ∆ by a bistellar d/2-move, then
Here is another application of Theorem 3.1 to toric algebraic geometry. Consider Σ a complete simplicial fan in R d . Here we require Σ to be rational, i.e. each ray (one-dimensional cone) of Σ is generated by a primitive vector λ i = (λ 1i , . . . , λ di ) ∈ Z d . Let ∆ Σ to be the underlying simplicial complex of Σ. By definition, {i 1 , . . . , i k } ⊂ [m] is a face of ∆ Σ if and only if λ i 1 , . . . , λ i k span a cone of Σ. It is easy to see that the vectors λ 1 , . . . , λ m define an l.s.o.p. for Q[∆ Σ ]:
The rational cohomology of the associated toric variety X Σ can be calculated as follows: 
where J is the ideal generated by the linear forms λ i1 x 1 + · · · + λ im x m , 1 i d.
Notice that when Σ is complete and simplcial, ∆ Σ is a PL (d − 1)-sphere, so from Theorem 3.1, Corollary 3.7 and Theorem 3.10 we immediately get that: Theorem 3.11. Let Σ be a complete simplicial fan in R d , X Σ the associated toric variety, µ i = dim H 2i (X Σ ; Q). Then the vector {1, µ 1 − µ 0 , . . . , µ ⌊d/2⌋ − µ ⌊d/2⌋−1 } is a M-vector. Moreover, if the rays of Σ are in a generic position, then H * (X Σ ; Q) has WLE.
The above theorem is a 'weak' generalization of the hard Lefschetz theorem on projective toric varieties to general toric orbifolds.
g-theorem for PL-manifolds
Kalai conjectured a far reaching generalization of the g-conjecture for spheres to manifolds (cf. [9] ). To state this conjecture, Kalai introduced h ′′ -vectors which is defined as follows. Let ∆ be a (d − 1)-dimensional simplicial complex, k an infinite field, and let h ′ i (∆) = dim k (k[∆]/Θ) i . Now define
Here β i (∆; k) = H i (∆; k) are the reduced Betti numbers of ∆. The number h ′ i above can be calculated by Schenzel's formula: . If ∆ is an orientable (d − 1)dimensional k-homology manifold without boundary, then the vector
is an M-vector.
Kalai's manifold g-conjecture may be inspired by the following useful observation of Novik and Swartz : In [5] , we will give a topological explanation of this result in characteristic zero. Now we can prove Conjecture 4.2 for PL-manifolds. Theorem 4.4. If ∆ is a PL (d − 1)-manifold without boundary (no matter korientable or not), then the vector (g ′′ 0 , . . . , g ′′ ⌊d/2⌋ ) is a M-vector. 
